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~~STRACT

‘¼
This work w.i~; mo t iv a t .~d by the probl~~ of obtaining a smooth density func-

ion aver  a e ra i h i ~~~l r. • ; i on  from data aggregated over irregular subregions.

M t n i r n i z a t i m  of a fan~~l f roughness cr i ter ia  given ~ iolume~ data lead to smooth

~v~ i ’ i v ar ~~at t  f u n c t i o n s  - Laplacian h isto spl ines .  having a cer tain order of the

i~~’ra t . ’~ Laplac ian  ~
-
‘~~ constant va lue  in each of the subregions and satisfying

~~ !~i~~~1 u r L ~tri conditions on the boundary of the reg ion . For inexact data , e.g . ,

~r. ~ of estunati~~: an underlying density given counts of events by subregions.

~~ ~a ’ t a n  smooth~ no h i st o sp l t r~”~ a r . -~~n~~ ru -tc ~1 ,analogous to smoothing splines

ir~ ‘~~c u n i v a ri a t e  case, and a method for choosing the smoothing paremeter is

presented .

F~’r both ~a~~’s of exact and inexact data, modif ied roughness criter ia , inde—

~.~n dcn t  of the reqion, are discussed , and results known for point—evaluation data

ar ~ extend ed to th.’ case of aggregated data.

AMS (MOS) Subject Classifications 41A63 , 41A15.

Key Words: Histosplines, Laplacian histosplines , Voltmie matching surfaces,

Bound ed dcmiains , Smooth ing histosplines, Elliptic boundary value

problems . Iterated Laplacian , Aggregated data .

Work Unit Number 6 - Spline Functions and Approx imation Th.ory .
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S h I ~ I~~A~~L ’t ;~~:

~~ .~e con~; t!. t ‘~~~~~ - p roblem • ~ o l t  ~ n i r i q  .~ ‘t m  ~ t d. y i s  i t  ‘,‘ i~~ t i ,n when ur~~ ~, i ; t

• 
* 

! I t t . t  t~~ .tvai ~~~th~~.- . h t  .. t.~Tt~~1~* , .~~~~~~~~~~ ‘;.‘ t L t t  popuhtt  i on  ~~ - n ; u ~ ; i ’  j i v . r .  1

• ‘ t o . ~ t ~c 
-~~ i r  , • t  i t . )  and i t  i s  )to: i r- , ’d t o  obt~~in .~ smooth t u ,~~t ion ( x , v)

i:,t n b’d ‘ • .-  .t n . ’’ t  in.tt . t t he  j~~~~u 1 .~ t ion 1.’t ;’ , 1 t v ~ t locat ion ( x , y )  . W.’ o k t  . i l :,

t ~ ~ ~.. ‘ ; t  . u h  h i t  tb. vo l ume ~ f I ov.’r each reqion coincides w i t h  t h.

known ‘~ ut ‘ ‘ . i z.~ i n  t h . t t  r .’u 1 o n.  C~ur  m . ’a n u r  t •  f the roughness of f 1’ -

•~ 2 .~ - ‘f ‘f(~ 4’ ! )~~ x.!v • • -— — , f —x ‘.• x .~x ‘~
‘ -‘V

4’ t 2 ) d xd y

‘‘ the  1 n t  e I! .11 t t ~ik t ’r ; ~~~~~ t by r ’ i  i on ~ i nt  . r . ’~~t . Some other rouqhness

r” .i ’ ; i r  .‘s i t, ’  i i  ~; • ‘ n’; i - b • r . ’ -! . ‘rh. so lu t ion  f is  chara c t  ~‘r ?t~d as the ‘.~~1 ut  lo t ;

a - .‘ i t  .i 1 n t -  ;: .11 ~‘ va 1 o.’ - 1  .‘~~ . ~~‘. t h. ’r ; mod i f ’. the rou i h n ’ cr1 ter  i a by tak inq

I t ;t  e. ;r  .i v. ’ h. n f t  n i • I as.’ . Tb. s ‘1 ut  1 on to t hy mod 1 f i od -r o b  1 em can be

dl  ~I - 1 ave x 1 i l v  a ~~ -~ 
• ‘r.~ u t ib 1.’ a to  x i ~~a te sol Ut 1 .n i n  obta i

We a lso ; ol v ,  ! h. • -~ .‘~, •~~ ol’t a m in o  a smooth d e n~; i t  when the data must be

- n ’ . I 1.t. ’ to h. Inexact , ~~ : . x.ar ’ t 1. , wh’’~ . i t  is  c o un t  data for  some r~~r .’ d isease .

In t h i s  - i ..’ -n .  i ’ ;u a l i ’.’ does not  ~‘an ! the  volumes of f over each region to

m a t .  -h t b .  t a t  a • x a  -
~~ 1 . ’ i t  t o  1 . ’  noa r  i t  . Tb~’r. ’ i~ ; a parameter contro ll i nq  a

ra , l e f f  between he ~;moo t h~ en ~, ~f f and i t s  d ev i a t i o n  f rom the data , and we show

how to -h ~’ - ’ ; ,  i t

We h ~~~e t h a t  ‘ h . ’ ; ,  i’-sul ts ) rov i~~.’ a f i r s t  n t e~~ In the develo~~ient of method -

fo r t b .  - n s t  r ’l - t  i on  of n u t  f a c e t;  from aqQr egated data. ‘ For

~~~rL, L.~&I

~_ ,  ~A.3

~~~~~~~ t iori —

‘-----I
By -

~~~

~~~“t!’ut&On 1 . ~~~~_ :

j~vailsiidIOr
Di st spec .1

The r e spons ib i l i ty  fo r  the wording and views expressed in t h i s  descriptive siwlnary
lIe s  w i t h  M R : . and n ot  w i t h  the au thors  of t h i s  rep ort.
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ON THE ESTiMATI ON OF FUNrTIONS

OF SEVERAL VARIABLE S FROM AGGREGATED DATA

S

Nira Dyn and Grace Wa hb a

1. In t roduc t ion

The work in t h i s  pape r is motivated by the following problem: Incidence

rates f certain types of cancer are known to vary geographically , for example,

persons living in areas with higher exposure to sunshine are more likely to get

skin cancer than those in more northerly regions. Data on population density

and disease occurrence is typically collected by bureaucratic subdivision . it

is t e si re t ,  f rom this aggregate data , to obtain an estimate p (x
1
,x2

) of the

that a person living at (x 1
,x
2
) will contract the

) i ’ ; , ’ a ;, ’ in a o lven  .“ir. Contour map representations of p can then be used

•o visually look for geographic patterns in p and for apparent correlations

w i t h  other geoqra~-hi cally varying variables.

For concreteness, we consider data reported by state. Let ~ represent

the contiguous 48 states of the U.S., and . the ith state. If u (x
1
,x
2
) is

the population density at point (x
1
,x
2
) (we pretend this is well defined), then

the expected number of cases of our subject disease in state i is

i i .  f p(x
1.x 2

) u(x
1
,x
2
)dx

1
dx2

The population s , - f u(x
11x 2

)dx
1dx2 

of state i is assumed to be known

exactly. The population of further subdivisions, e.g., counties, can also be

assumed to be known exactly. In a particular year the number of cases

actually occurring in is reported. If p is very small, then may be

modelled as a Poisson random variable with mean From this data it is desired

S

~ 
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t o  e s tim a t e  t - ( x 1 ,x , ) , ~x 1
, x t  i~~. We w i l l  do t h i - - t v  f i r s t  .o-. t i m at  m u  u ( x

1
,x ., )

using O f l i v  the :- ,~~ u l a t  m o m ;  .L i t , ,  i s ) ,  ,i~~d t h e t ,  , - ‘ ; t imat  m m  m ( x 1 ,x  ) p (x 1 ,x 2 ) u ( x 1 ,x ,) -

us is- i  the - I i  sC~is,~ co u nt  t a t  a ) . The es t  m a t  .-  f ; is t h. ’i ; the Tu t ’t  I .o;t ( if

he ~~~ two to. t i m i t , ’ , ;  • F : n ~ )t  at  i ona I comiven  t o n e  v. ‘.u~ - j  n.~ t h a t  popu t a t  ion data

aqgreqated at th t ’  sa.mo 1ev.’ 1 ( i . e . state) as t h e  d isease  - ,ms t  t a t a

I t  is ~~, s s m t - 1 . ’  t o  o b t a i n  h . - u r  i st  i - -a l l y  i , - ,-t ’ ,o m o i t - i i ’  .‘‘.timates f u and g by

asstmi inq t h a t  t hey  art ’  ‘~smooth” i n  n-cs. ’ sense , narn-l y by mi~ , ; n I  s—i  ~- . ‘r t  a m  n . ’a , :u : t ’m ;

of  roughness .  ~h . ’ r o m i o h n . ’-;s mea- ;uz e’~ we w i  11 - n ’  m d o r  in most d e t a i l  are de fine - i  l~ ’

( 1. 1)  J ( U )  — -

, 

( U  
2 

~ u ~ ld x dx
‘ I x x 1 2

-I Y

( 1 .~~) J ( ‘ i~ — ( u ” • .‘ u • u~ )dx dx .
‘ x

1 x 1 
x 1 x , x , x~ 1 2

We w ;  1 also t m  m . - f l y  - -omo ;  t . - t  t h e  ~~~~~~~~~ -m. ’ : ; e r.t l , n .’ a n u : ’~ ,

( 1 . 3 )  ‘ ( u )  • 7 ~~~~~~~~~~~~~~~~~~~~~ , 1 ,.~, , ...
i~~O

~m ‘;t we ‘ - ‘n s 1 .‘r he r n t ’ I e m  ‘f est I r ia t  i rm o u. With the r otmhn ecs  measures

( 1.1) a: ( . . ‘ ; oum ,‘‘; t I r a t e  ; : x
1

, x )  of ‘ m ( x 1
,x ,~ w i l l  be the s ol u t i o n  t - -  on .

~~ . w i n g :

N oblem :-; ~— 1 - ‘ 1 — f :  F n I . 
~ (an aj-j-roj’r late s~-ac.- of f u n c t ion s  on .:)

- r i n t m m ~~~’ ‘i~ / ~u )  ~ut ’~ e ’ t  t - t h e  v ; 1-umnt ’-mat cbin g con ’ ;t r a in t s :

( 1.3 )  U (X ,y) i x d ’ .’ • S ., 1 1, 2 ,’” ,N

N
w) - . ’ r .-  LI , ,

i — i

~~~
.- - 1  -‘i n  -h a r a ’ t i ’ r i ’at i o n  -f the solution to  a oencral problem of wh i ch Problems

1-1 and 1-2 are special cases. This is

- _ _ _ _ _  

_ _ _ _ _ _ _ _
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F. 1 1 r ’ ; 1 — 4 :  l e t  (1 1 .- a - ms ’ — t h  t -u ; 1 f l.h ’d  sub’; . -t  of ~ . , Euci ideas i—space .

F’ m n - .l u . ~~~~~ m i n i m i z e  j ( u )  — -4~ ;m, u )  ,

4 ( u , v) a 1 ’u 1 ’ v dx

- -~i t ’ 3 .~~’t to

f x )  u(x) tx — n , I — I , . ,

t t e i , ’ }(m (.) i s t : . - S c , t o l , ’v  sj ace o~ t-iriction s w i t h  mixed partial derivatives up

t i i .  r m in  L~ ( , )  , x — (x 1 ,x 2 
• . . x )  — id

) 
~ 

— ( 
~1 ‘ ‘ ~~~

- t -i - I U

i i  — , — m , :~~“i — —---~~~~- - - “ a are func t ions  of x

~ 1 i • . . ~~~~~~~~~ 

i8

- - . t  i s f - - i , o~~~- ’c ’ r t - t : : .  ‘- n - i i ~ i - - n y -  - -~~.‘ - m ~ i e t  i t ;  ~:, - ‘t ~on f, an d t he  a rc  li nea r ly

i ’ :  ‘ -n~~~~~~i ;. 
• 0 : ,  In I. , ( i ~ )

The cha :a c ? . - m  izat i o n  of the so lu t i  t i m  l’ r ’d t ern 1-1 is aiven in Section 2 .

c m  i in f ; i ~ ‘ F .: t. t am Is ar . ’  -a :  r ied - ut  in Sect ion 3 for the special cacos of

I — i  an  I — f .  A ‘ ; m m j ] e  example of Probl em I — ~ w i t h  con- ’ e n tr m c  c i r c l e s

- - - - :n- I ’ r - a i m : - - is ‘~~r ’.:”-t out exp imo itly i n  Section 4 .

‘;- mr o ’ : i cal i i ;  r i ~~h~’ . for  comj- ’mtinq the solutions to Problems 1—1 and 1—2 will

It ;.‘ -ir it a - - . - :  a r - i t ,’  j -a j  or .

The so lu t ions  t o  ~ r ’h1ems I — i ,  1-2 and I-A are  not required to be non—negative ,

a l F-oiuh ~t m’ - known , -f course, that u (x
1
,x
2
) and g (x 1,x 2

) are non—negative .

~s t h i s  paper we Sii ie’: t e! the ph i l o s o p h i c a l ,  theoret ical  and computationa l problems

of impo sina n o n - ne c ia t iv i ty  ‘n the solution , and hope to address this problem

n o r - a r a t e l ’.’ . Thn results of Lions and Stampacchia ~l 2~ will be relevant.

We know ~f a very short literature specifically on the volume matching problem .

(Although I t  Is of course only a special case of the well studied problem of est i—

mat ing a function given the values of some linear functionals, see Golomb and

—3—

_ _ _  - --—- —I
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h’,’ m m , b . ’ r  i . :  ( ‘ ~~ , K i m n t ’ l t o: t ~m i i . i  Wahh.i (1 1  . ) t~on.’va , ~ermi1a1 1 and St  t - f a n ’v 1.’) - i i ; . —

a ‘~~ •- - xal c,t ’ . ’ in  on.• i i t r n’n s i u n . So lo’.’t er - u and de Boo r U6 1 d i s cu s , - a

- 1  tim. m a t c h ;  n - i  prob l em in t v - 1  i r n , ’ s;  m - u m t ;  w he r e  t he r o u ihn ’oS m ( - ., , ,u r  o has a tensor

)du& ’t ‘- t i U ; u t  e a t ; -  m - - a r . - -  - JI l l , ’  w i t h  t he  ‘ S a r e c t a n g u l a r  subd iv m m e t ; .

- ‘ut l r ; t . -r c ’ St  in  t h i  m~~ot ’ 1 ern vat ;  ‘~~~o k . ’ t  by a 
~~~~~~~~~ 

et T eb l er  1 18) . H ’ ’  j r o ~ ..c,si’ i

t O  c l v , ’  t n ,  V o lu m e r~, t t c h t n - ,  ~- m - t: 1 en 1- ’,’ m i n i m t z i n i  J (u )  — I (U 
- 

+ u ~)d x dx1 y x 1 
x 1 2

subj ec t ‘.‘ l - .mm. ’ mat c h i c i r  cond i t ion s , ;-o;. m t  v m ~ ‘ ,‘ c o n s t r a i n t, ; , and c e r t a i n  boundary

and s u i m u e ct e d  a numer ic ,-I1 a l i o r i t h m  f t  d o i r ; : t h i s .  Some ~ t i m ’ ’  r e s u l tt -

are a 1 l ’ m i t ’~t t.~~~ - in -c i t - orTmm. ’nt ‘; t o  h i s  ‘i t -or  (Dvn , Wahba and Wonq 1’~J )

Our r o n - m i t ,  ShOw tha t t h e  - o l u i t  1 r ;  t i  j - r b l . ’mn  1 — 1  and the n j  i t c i a l  ca: . .’’ 1— 1

t m - i  I—f - - - i t  ms~ i.’ . a — ‘ . ‘ct a in  ( ‘ l i j - t i c  bour.dary v a lu , ’ n i l  l ent w i t h  Neumann boundary

Nu m e r i c a l  mm ~- 1 . -m. - n t a t j o n  - i f  m S , ’ ’ . ’  boundar ’,’ v a l u . ’  rn  1oms can be

I i f  on.’ i s  ‘~
-
~~ 11 ing t o  mod i fv  th e  r o u i m hn , ’ s ,  ~~ m t  • - r  ia .  Let X t ie a s u i t a b l e

s t- ace  of f - j n - ’t l i t , , on R~ ( t o  F.- d v f  m ned) , and d . ’ f m n ”  3 s X by
m

/ m’~
(U )  — - ( ) I --— I dx dx -

- ~ i~~~~. i Tr- — i J  I
i- ”() \ ‘x

1 
x
2 /

F r o b l .’rmt I — rn : F . r .  u • x t o  r m n i m i 2 ~.’ ( - m s subject to

J dx — 
~~~ 

i

I f  U i , ~ the  so lu t ion  t o  t h i s  probl em , we will I’ave

3 (U) 3 (u) > ~T (u )
— —

with ineq uali-me s holdmna in general . This approach of using 3 ( u )  a ’, a rough-

nest, cri ter ia has been e x ten s i v e l y  used for estimating surfaces given evaluat ion

data  ~-c ~~n -h o n  (E.~ , (71 , ‘1’- inquet 1 13 )  , Paihua and ~ r er a s  1151 and  Wahba ( 19J

-4— 
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ining these available results , we derive in Section 7 an explicit ex-

tession for  the solution of Problem I-rn , and a readily computable approximate

solut  i n .  ~‘t. - results ~r.•n.•ralize easily to d dimensions.

~~
.‘ now ~-ruct’ed to the problem of estimating q. Since the data Z. are

only est imates of the we only want g to satisfy volume—matching conditions

approximately. As in the case of smoothing splines (see ( 5 j  and references therein )

we ire led to

Problem Il-rn: Find g • X to minimize

2) w ( Z . - f ci (x,y)dxdy) + X J (q)
i — i

I-

w i t h  ~‘ (u) defined by (1.3). Here the {w . }  should be equal to 1/variance Z~,.

The parameter ~ r-e~- rcsents a tradeoff between the roughness of , g and the

in fidelity of g to the data. The variance of 7 .  is  
~~~

.,  wh ich is , of course ,

unknown. In practice , the w would have to be chosen iteratively. One could

- .‘t w 1 - ~ initially, since 7, is an estimate of ti .. The resulting esti—

mate of g is then used to get ~w 1
’ for a second estimate , etc.

In Section 5 we characterize the solution to problem II for 3m given by

(1.3) and for given w
l~
.
~~~

PwN
. In Section 6 we indicate how X may be chosen

t o  approx imately minimize the predictive mean square error . In Section 7 we give

an explici t  representation for the solution to Problem Il-rn with 3m replaced by

-
(Problem It-rn). More significantly, we give explicit formulae for approximate

solutions to Problem Il-rn which are suitable for numerical coeçutatio n. In th is

context we also derive formulae for computing an optimal X based on the results

of Section 6.

Hopefully , these results will provide the first step towards efficient

‘ method s for converting aggregate data to density maps.

5—
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.~ . Sr~ s t  5 5 - ; t t ,  i ‘ ‘- u ; ,  - I - r i . .  0 M a t  - n i t : I - t  ‘ - r n  .1 ft.t ..

- n ’ . - t t t - ;: o. - - 1, t ’ ~~a m m ; ,, - - 
- - bounds t- , J i ; 1  a I ; 1 1 - i

.1) ‘i (r ,u) — 
- 

J a ~~~~~~~~~~~ ~
‘ 

• ‘ L C - , )
I t  ~~

whore x — (x ~~, ... .x d
) , — ( . , • . • ~ , ) , i f  — ) t , i — , ; r ; — i - .-’i r a t  lye  i t m t . ’ i ’ ’ i  ,

— .‘ ‘ (-tn ! s i m i l a r  ‘ , , t i n  f t  ‘) . ;~ m ! ? .  ~, - m s  I ’d in n  u - - n  1 (u , v)
‘1 ‘ 4

‘x i

is . ‘ - - st ’. nj c o,  in H ( , . )  H ’ ( c t  ~ ‘ H
m (S~) i s  ¶ . -  H i l l  - m t  i i

- - • -
~ r- ’- . ‘

‘ ( )  
~. f r’~ iiu ! 

~ ~ H D
k

u~~
H ~~~~~ 1k - r u  I- ’ (;~)

f t ’.’ a U r ’ m n :  : . I ~~

( . . .1 a Cx )  y v~ C ~ v ’
- v- 1’ 0

I ’

f U a l l  y — ( v
1

, . .  . \‘ ) , k — i f  rt~~, - (u , o i s  a - - “ u ’ . m~
’- - - , .

• a 11 - - m  a ‘ - Q — t h e  si a- ’.’ a l l  - - I ‘- ‘t ot~~: - i  i s  of t ’ t a  1 d,’u r.-. ’  los ’; l , a t - ,

- 
— •

wn ich i I im. ’nn ; - mu ‘‘ 
d

• -. u  - s.’ - t  we i-r ove .‘ ‘‘x ~~~ ‘ - S
- - . - a n  I u n :  n r . - n e s S  ¶

. the solut ion to

F r  t - ’..’r ~~ - - :

U q v. ’m’ ~ , • • - - , f u n d  u ( , , )  r i m ;  in  ‘ i no 4 C u  , u )  ami-~r : all fUn - -t  1 :5,- -

- - )  ‘:a~ -~ f ’ ’ ; n -  • S. - In ’ ’- U .11 -t ~~t a

( 2 . ) )  1 -
~~~ — $ ,

(I

w ’ . .’ r e  • ~~,. ir e  ‘; 1 i n o a r l y  independent  f u n c t  i o n s  in  ~ 
(0)

i n l a T t i r ’ i I ~~r ~
- . - h a r , i - t e r i l , ’  t F o ’;° ) i i t i - ’ n  of Prob l em 1— 4  an  a si ltit ion of a

‘‘n ‘ - u n  I - m : d a r v  v a l ue  ;- r n l l. ’n.

~1
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“t.’ ‘ye t w -  - 1 ..~~~~~~~i - -

~~~~~~~~~ : I t ;  t S , ’ c t t ’ : t J e  II  - - 1  { ‘ ( u ~ ) q iv ” m ;  I - ’, -

( 2 . 4 )  II — ‘- U :1 
ru 

- -  • ~
‘ 

~ — u ~ m )

-S is ~t t~ .- - :u iv,, .‘~~~t -r 1”- ¶ f l ’  H

~~t - - I :  14 ’ , C .’.!) ‘n . m . -  ex . - t -  0 such tha t

( , . 5 )  ~ (u . u )  C H u ~
2 

, u- - 1  mu
H U.)

I • e t  i t  ::, 5’ - - i t  , ,, - - :u .~l i t  V 114)

( 2 . ”) .
- - :  < 

- , ( I ’u ) ’ ~ :~ 
2 ) ,  u ~ H ’ (~~)

i ‘1 ~

we I t a  i t  ~ n an ’,’ 0 k

( 2 . -’)  
~~ -

. 
( - ‘

;) ~~ c,{ 7 ‘ ( : ‘-~~~ s 7 !
‘ 

~~~
‘
t i1

2
} U ‘

• 1 ~ • 
S 

mu- 
~~~ i f ’  r C)

‘h- i’ ; 1 - ’.’ (2.4) -it . I (2. .~~~

( 2 . A Pu ‘- C ’ , - 
- (~~~-ir ‘

~ 
--‘

~
- ,

~(u,u) u .

H UI) mu’ . 
- 

U

.- t  Q — c~ :ar i’ —~~
1 
“ , ~~~~~

- . W ’- assum e that ‘; > “ and that  the N linear

- •  t o t -u s  in  ( 2 . 3 )  u t ”  l i n e a r l y  ind ependent over  ~~~. Without loss of generality

we - an -u ’;curi e that t h e  m a t r i x

, ~~~i N - M ~~~~i
1

~~~~~, i 1

is if rank H. Therefore there exists a basis ~~~~~~~~~ 
of ç- with the pro—

‘~ 1 ’~ -
•

—7— 

-

- -~~~~~~~~~~ -~~~~~~ -- - -  ~~~~~ -- - --~~~~- - -_ _~~~~~~~~~~~ -~~~~~



( 2 . l i l )  r - j — , i ,j  l , . M
— 

- i N— M 4 ~ 1 )

I.. ,~~‘:.i , . , :  In  t F.’ ‘ ; :nt .l a~~.’ H
1 

of 11
m (,,) it  i v t ’n  by

(2.11) H
1 
(~~) — ‘- - i I u H~~( . )  ~ — 0, i — N—M+ 1 , . ,N)

. ‘
~ ; ,~ :) i’; an equival.’n t-, i r m u -  t i  H u l l  

m
H C.: )

I m at;’; u t i i
i

( . . )  t h.’n.’ e x t ’ ,t  - q • 0 ‘ u I :  t h a t :1 — II , (~~)

it ; I n .m . - i t , -

— u1~~ ‘

S u t . ‘‘‘ -: - tt, ‘- - C ,l)

(~~.t.) l.’ :-~I < H : n , Hu ll , u .

:~~ ( , )  (.,)

~ ‘.- go in  ‘: i . ’w - i f  ~~~~
- —

~~ ‘ t 2 .  1

P : 0  ‘ U H H II II H II ti II
— .u m - ‘ i ru ~ — M 4 1 2 0 in

U ( . . )  U () i ’ l  11 (2~) - I .  ( Y ~) H U. )

- . -I S~; - ,- i — ‘ , 1 ( U, :t
— 4  - -

T h i s  t - - - - ; . ’t h r  r with (~‘ .5) - - oru ; i ’ ’ CS t h , ’ proo f of t h c -  l emma .

l e t  ‘ I ) - : - i t  isfv (2. ~) . Then

(2.13) - 

i~

”

l 
S

N M+ j 
q
~ ‘ H

~~

(2 . 1 4 )  ~ ~~ s - T f 
~~~~~~ 

- — . ,
1 3 i — I  ~ —M +i I -, 

~

and - ( ‘ : , u i )  — -i (u,u) . Therefore Prob l em 1- 4  is equiva len t  to Problem (1— ’)’ :

Find u ~ H 1 minimizin g A ( u , u )  among all functions of H 1 satisfyin g

( 2 . 1 4 ) , or equ ivalently satisfyin g 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ --~~~~~~~~~~~ -- --~~ -- ~~~ ‘ - -



- 

~~~~~~~~~~~~~~~~~ 
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-

(~~,15) r u : — S . .  ) — l, ”,N—M
1 3

•.1

( 2 . 1 . )  * — — C , i r !  I t r a r ’ .’
~ ~ i;; 1 

1) N—M+ l 1 3

Ii: t a r t : - ;~~~~t i ’ . is  t*)s; ;1t 1.. i- ’’ t - - ::‘.: 1 , : ; ( 2 . ’-
~~) t o  choose i such that

1)

— / • ~ — 1,~~’ ,N—M , . 0

H’ - Lemma .‘ .2 t t . . -  1 i : . - t r  I uric ’. ; -  toi l s

(2. 18) L ( u t  — u: • 1 1 • •

i t . ’ 1 - I . - I i t  H 1 w u ’  :- , : .- - - :  • - - ‘  the t: ir ~~ (A (u , U) 1 / 2  
I t - ; ’.’- k i t—; the Piesz

- - o t t  i ’ i n :  • u ’  m ‘ -ru we - - U .  l~~i - I . ’  the “x ist.’rs-’.’ of ~~~ . ‘ H 1
, ~ 

s 1, • •~

15 1 - u n ;

( 2 . 1 1 )  ~4(~- ;,r~ ) — u - • a l l  U ‘ H
I 

~~ 
3 1

. it . l 1:1’- - ( 2 .  17)

( 2 . . ) )  - 4 ( - ~~~,~~ ) — q:. — 0, a l l  o ‘ -2

S u n  • - i
i~~

•
~~ 

.1 i r e ’  l i n e a r l y  in 1 o~. . ’nderu ’.  so are and t h e  so lu t ion  to

;‘: known to be the unique f u n c t i o n  in the span of

- ; i ’.~~s f ’ , r n - ;  ( 2 . 1 ’ - ) .  -: .e.’ ‘ ) ) .  The ‘- - - ; t  ~~~- t ,  t o  Problem I—A is related to this

; ;  - - m i i n - : t - -  ( . . 1 3 ) .  The f o l I ’ . w : r , o  t h e or e m  summarizes the above findings :

Th .’~~r ’tu 2 . l :  h ’ - t ”  exists a U 5 1 i ’ I c ’  solution t o  Problem 1- I .  The solut ion is of

‘n . form :

N-H H
(2 . 2 1 )  u — c ~ 

+ ~

‘ s 0
ii , ‘- N—M+i ’ i

i — i

- Cl-

I



-
i I ’- - - .

where  , ‘ . a t . - ¶ 1 . - - i t i i O U~’ f u r ;~~t io n s  in  H 1 ~te t & ’ n n i t i o d  b’. (..19) , ~~i ;~~

- - ‘ 
N— M 

art’ I; i ’ s ~ ‘ 1:; o, - -1  ‘ lo ’ — S i n ’r u  la 1 ; i;ea r ‘v  ‘ - t en

( 2 . 2 2 )  ~ c A ( . , ~~~) - - 

~~ l 
‘t~-Mi . 3 •

An i~~ mue I t  at  e cot; ...‘ ‘u. .r ;~ - .’ . f Tl-; e .t ‘‘iii 2 . 1 , (2  . 19) and ( 2  .20) is

2 . 1 :  The s o l u t  loS U 1 ~‘ r u t ~ 1eru i- -4 is  uni que 1~’ determined by the

v a r i a t i o n a l  - h , i r , i~’t . ’r i ~~.a t  ion

2 . _ I  ) , “
.‘  — ( \ . ~ ) v v E

i i
i — i

and the m a t  f ; i r ; - ;  ~‘o r y ji t  i o n n

~~~~~~~ ,
-
‘ 

u~ — s~~, i — ~~~~ . t~’

( . ‘ . 2 t )  ‘ , .‘ ‘. .,~~~, 
i i . ’  ‘t ;’ , !a r c , i.’h i ::l-. • r .  ; a r t  i~’u l a r  ~~ it  is f ’,-

I

~..2 5) I : — 0. q ‘ Q

I n ;  u . ’’ ,. is -u ‘. t l -  -! ‘r u a u t .  15 .-  si lot - ‘ n i -~~~~ ’’f 1’ n ’ ! i . ’ r n  I — - can 1- - ’ -

fu r t h e r  ‘5.-it a - ’ t . ’t  ~r’’ I ;r; err s f .u I - 4 i u ; ~ u l a r ’,’ v u l - ; . ’  - ii l .’m . ~~i n - ’,’ ea ch

1 ‘ i ~~ — M , ‘;a t ; c f ~~”s (2.1 ‘ - - u t - - I  C . . . ’ .

4 (;, t ) ‘;~~ for a l l  u U I.: )
1 5 , 1

we cor. - - l - i i~~ frosi ‘oro l  i , u r v  2 — .~ on acn.’s 2 l i ~ _ 2 2 i  ‘f A u t i i n ’ c book I i )  that t

i s  the  uniqu e solut ion n 8
1 

t o  F” boundary v i l  -it ’  F roblem:

( 2.2 ’. ) ‘t — in ~

( , ~‘ . 2 7 )  ~~r, — 0 for rn ~ ‘ 2m—1 on r
1 1  — —

In ( 2 . 2 ’  1 ‘ i s  c t -;.-’ ! ; f f e r ’ -’n? u-u i ‘ ‘ ~~ - n - ,- a t ’ ’ 1  of order 2m given by

— 1’~~—

- - - - - -

r -

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘.

~~~~~~~~
~_



~ —

~~~~~ 

_

~~~~~~~~~~~~~~~~~~~~~~~~~

( 2 .  .I~~~) • a ( - 1)  
f ;  

~ ( a  ( x )  I :  i i )

I i t  ( 2 . . ’)  — ( ‘  , “‘ , ‘ i’; a - l i r n -  r - - ‘ i .!  - - . . t -  ru
m

mu’.,

• ,,, ~~~~~~~~ 
‘
) a {- ;  

~ t i ( . . )  • ~u ‘ L.’ ( - )

m

Il U (I’) , ‘ - u i - S ~ h - i ’ ‘he - : . - r . - t - .t l ized - - r e ,  s F’’’ r - ”

ru~~i , I -
~~~ \

( 2 . 3 0 )  ,i - - ; , v) — - ( ‘ u ’’.’ - (~ 
:; ‘-~~ - —- -— - v

- - _ 3
~~~ ~- - ! _

0 ’ ‘ u ’’ .! S t - i ’ i v e  ‘ - - , - t i m .

- - i t  , ‘ ‘ ~~,‘ - i ’ u - n  ( 2 . . ’’) .  U ..‘~~~~ r: . • H ‘ - ‘ - . - w i t h  : s . - -  ~~~~~~~~~~~~ I
1 1

Is

- ‘ - -~~  ‘ ‘- solu~ in n; ~0 - n 1 . — I—- I , - !  a u- - u i o . . . ,  i s  : 0 1  ~~0 1 ’ -

u . ’ - t n  n’ - i - - ‘i u  ,. ~~~~‘ - 1 . ’ - ; t ,  l a m  / ‘ni 1 : , ~ ~ t u i i .  I ‘r u

C . . ) ! )  ‘ in • ‘ i t .  0
i i

( 2 . 3 2 )  - ~ 

i - i  

.r - l

.- ‘ -  - s~ ics 
• - ‘ - — -i ‘ ch i tot  I : : -

. 
- - C ? .  . ) . t ( .  . 1 1 )  , , , ‘ a t

~~~~~~~~ j  ( )



I

, ~~~ - t  i . t u :  U ‘ - i - ;  1 ; n ’ ~~ — T u e  V I  u ;nue M a t  . ‘h i n n  - -~: r f t . ’ , .

1’ - - t ’ - -
~~~‘ t o  ‘ m ; . - -~~~ ’ - - t . t l i : ’ -  ‘ - n ’ - - , i , c z t - t . -  rot’l,’m ‘1 1 ind i nq a

su m  . - i  , o a u (x 1 ~ iv  ; nq • ‘ - u  n t ’e ’  v o l  um”~ - ~v~ r sped 1 1 ‘d subdoma ins  i t :  R
2

— ii ’.- i t ‘ ‘ - m - i - . ’  ¶ S.  v ’ Iur o - mu: . ’ ‘ . - u n  1 - i - ,-  ,i u: .~ I : i t : t o’s w i t  I~ S .-  ,- v e y  or der

t ; 1 1 ; t ’ : - ! ; u l  m r . , r 
— [( • (~- Y1ru - I c ::’, ’- . i m t  value in each - I t h e  s o t - —

(,
\ . X ~~~ ~~~‘X ~~~ J J

- I u r.,-t i ns . These - i t t  . - - i t  n-  n .  ‘- ‘ I t  i k i n i : I v  ana l oqous t -  eV e t .  d.-’~:n .‘.- rs’— 

- n i l  s ;- 1 i t , .’,: , m . - t i n  I . ’ I -i s f u r :  - t  ; ‘n ~. w~~t h  a .‘ t t a i n ~ ev.’r i  r I. .r d e r i v a ti v e

- f  - ‘:. - t i n t  v a l ur ,’ i t;  .‘,t - 5 ‘ - : 1  ; t , t ’  z ’.’,- t l .  ~‘ l 1;- .wi i ;q  a su q q e n !  ion of }‘ i of . ’ s~~~ i t  I-

‘ - n; . - t  ; we t . ’ t t ”. ¶ 5.’’;.’ - - n m  ‘ - “La; 1,- i - i an Uist os;-lit .’s ” it ;  analoqy t i  ‘. 5 . ’  ‘m u —

v i i  i t .  l i t  sI  ‘
~ l I ;t ~~. .  if H. ’m teva , l ” - m ; - I t l  1 i mud i t  . ‘ f , u n ; - ~~v 

~~
.‘ • wI ich  are t he even dcc i

:u t,u ~.’,tn i -i t . -  ‘.; l i n eS  - - - l ~ ’on - u ‘ S.- “ ‘ u ; . - t  — - S i r : ; ” ; r  -l 1cr .

- can’; 01*’ in  I. ’! i i i  ~ f- u. ’  I - - 1 1 -
~~~ i n  : t w o  ; m :  h i  .‘rus : , ,  1 • -  a smooth

1- ~~.;t;.1.’ 1 I n— - u n in ;  R ’ ,oil., 1 i v I * ’ : i  . t ’,o ‘; - h ’ . ’ i i t t  !- ‘mu . u : t . : ,, , • . ‘ , , , , 5 — U
1 N -

;-
~ 1 1 . 7  1 — 1: )“ i nd n .  lI ’ U ))  t — i n i r o ’i n ’t

(3.1) Cu u 2 ) rix dx .
.: x 1 x~, 1

- u r n ;  i 1 f - ~ t - t i - s n  in  H ’ (~~) sat

ii • c , i •

~‘m-~- l - l e r u  I~~.:  Find  u i H
2(,~) mum, i riuu ~inq

( 3 .  1’ ‘ ( ‘ n
i 

4 2’:~ 4 u ’ )dx dx
x x , x ,x . x x , 1 2Q 1~~

ur. n - j  a l l  f i r — I  l o t - s  ir . H 2 I . . )  sat i s f ’ ,’ i nu  ( 3 . 2 ) .

~ r - ’ru  a r a  -. i oil ;—~~i r.t of view these two problem s are the most  Interestinc ,

si nce -‘ rq u t a ~ u -u ; of c o 1 u n t i n n ~ - i f ‘ - ; “ u l a r  problems w i t h  h ig h e r  order  form s ( 2 . 1)

bec~~ es tr . o  cemp1-i- a’~’l . w i t h  the  increased c~~nplexity  of the operators P, and

i n  ‘“ ‘- r”r ’  2.2.

- 1 2 —



- -
~~~~ 

_ _ _ _ _ _ _ _ _ _

I ’ , ; , ; ; I f , - - - m . -t ’: .‘ .2  I ’ m  t : , . s;. i i i  :-,e ’ l i n -j  01 ; z - i  1cm 1—1 t . n . t f . r  w i l t .  t he

c I ass  1L ’al G r e ’ s Formu i~~t I

2 - (3.4) r ~ ~ + ~~ v ( - .‘~~i ) ~~ ’ + r ~ U v
X
1 

X
1 

X : , X~ ‘:-

we

i’h,’oncrn l.l: The solut ion  to t -ok Ic r  I-i is uniquely determined by the fo l lowing

c - - n ;  l i t  i on s :

, (1 in

• ,• . , . x
n~~I 

1
~~~~~i “ i -(I elsewhere

1 — 0
i—I

‘U
— 0 - -

.t~
, 

~- u  a i — 1, •’’

T-~ get i similar r”sult for Problem I-.’, we first derive a more general Green

F .r r n ’ n l a  f i r t he  bilinear f ; t ’  irtcs ~~ir,d i nq I n  I f;” seminorm ( 3 . 3 ) . By a repeated

use - - i f  (3.4) we Oct.

f r 2 p( 3 . 5 )  ,j ii v +2u v •u v a ,j ( . ‘
~ u) v - J (—~i u ) v  + J V

~ i 
x 1 x 1

x
2 ~1

x 2 X
2

X
2 ~~2

X
2 ~ r ~fl

‘ i ”.’ ~u~~~vs mu on “ it s, • — 

~

— • -i—- — , whe re ‘~~—. is the tangential derivative to

‘, If” last term In (~~.5) becemes

( 3 . 6 )  ~~~~ ( L..~._ ! + ?~~~~~ U � V f ~~~~~O~~~~~V 
~
.

‘,, ‘n ‘mu ~~2 ‘1r. ‘,, ?ièn ~~‘t ,, ~~~ ~~ “ ‘-. “

r m ;  -in i n’; ( 3 . 5 )  and ( 3 . ~’) w i t h  the general ized - r een Formula (2 . 3 0 ) , we conclude

— 13—

—--- --—--  - -- ---— ~~~~
_- — —- -- -- ~~ -- ‘ -



th at for the s~eminorm (3,3) , ‘, . ini  of ‘I’l: , ’ox em , • .~‘ a re :

(3 ~~~
• )  • — ..

‘ 

— (
~~~•

6
2
). 

2 2 ’ 
~3 

— —
~~~~~‘ “~i~ ~‘0

Thus by The- i : en- . 2 :

Theorem 3 . _ I .  The so lu t ion  u to Problem I - _ I  u s  u n i qu e ly  de t e rmined  by the

fo l low i ng condi t ions :

2-
U .  

~ 
‘
~
‘ • tmu 0

i— i

q — 0, a — l ,x 1 1x ,

~~~ U ‘
- - — — — 0 ,  ( - - - - - - + : .) - - — - - — O  on r
“ mu, ~~~~

I — i —

Remark: It can be shown by Theorem 2,. and rep eated a i i ’ l i ’ u a t  i ons  c i f  the classical

Green formula that for the higher order roughness criteria

a ~ 
~~~~ 

~~~~~~~~~~) 

dx 1
dx 2 , m 3

i — i  ~~~~~~~~

the solution to the volume matching problem satisfies

( 3 . ’)) ( 1 ) m~ m 

i~~1 
~~~~~~~~ ~~~

I
with appropriate boundary conditions ‘

(3.1 - ”) 6~uao ~n r ~ c j < 2in-1

______
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4 .  A S i r ; - 1 . ’  ~~~t:’-.;  I .  i n .  i x ;  I :  i t  I i :  u - t m  H i n t ’’ - :  l i t ’ - .

i o ; ~ r : t ~t ’  ! N nub- (iIIi’I,l i i ; ’ ;  ~

~4 . l)  t’? — { C x ,x ) R - ‘x ~ s x ’ < 1’ . ~~, i 1 , . ’  , ,
• 2 i— . . t

wi ’S, R ~~~ O i t ’, — U - -  . I t .  t h e  ! - u l ’ w i n . - m w’’ t , - i u \ ’ ’- : 5 ’ -  , - x ; l i c i t  ¶ - m r n  o f

‘ ‘ :‘ sol  ;! t - - t ~ ‘0 ‘ t~ ’~ ‘.‘ ‘l . i ru ’-  r u - i ’ ~~~~~~ t i t t er I — I .

r~TBy t ’ ~~ : . , - t ~~a1 ‘ ‘ .‘m’~’~. - . - t  : : ‘.~ - ; 1 , ’m,  u • : n ( r  -.~- :th m — ‘x 1~
x ,  a rid in

— v l , * O t i t u ’ ’ ’m ~‘r’ 3 .  1 , ‘.~~ 
-
‘ i t :  , i — 1 ,  ‘ — , N .  S t  n . -  I ~)
i i

( t  — I L~ C m ) )
r - .n

. 2 )  - u  ‘ — ‘ ‘ 
- 

toq m • in ;~ , t • 1, ‘

- . - c-oe - - ‘ - , • C • b , i • I • ‘ , N S i t  - I - .- I S .  - -1 1’ )W m u  - ‘i ’ind i t  i on s
i i I -

—

I - -  ‘ :‘‘ - - : ‘-mu’ t .1 .it.i ‘‘, .t ’  - t u ’ ; r n ~~~~ - - I  - ;  .u~~- I

( ~.3) • 0 • — ~~~~~ , ‘ - ‘ 
~ U ’ - t t ; I - u r ’ . ‘;n : l i t i  - - t j

N

(4.4) , (k —~~~~~~~
1

) — 0 ( 1 — 0)
i~~~i i—i

( 4 . 5 )  c - — C • ( -
~ 

-u  ) • i • 1, ‘‘ ‘ , N— 1 ( , ‘, :n t  m n u i  t ’. of
I, I 1  i ‘ 1  2

( 4 - , ’ )  b , — I a ( ‘~ 
—~~ — ~c’ —c )loa P , i l, • ’’ .N —l ( C o n t i mu n t v  of u )

1 ; • I  : ‘1  4 i i . I  I

2 2

• ‘ 4 . ’)  
j
-

~~~~~~~~~

-

~~
’ : - l

~~ 
~ ct (~~~~(loq p

1 
- - ~~~~~~~~~ R 1 1  

- 
~~1 }

• ~ 
u

,
i 1  

— ~~~~~, i • 1,’’~~.N (Volume Matching)

— 1 5 —

I — ______________  __________
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Tt ;~ ’ t - - t . t l mo;r ’ uj .- n  ! 1 : m i ’ - , i z  , - - n i a t  o - n ~ u . (4,1) — ( 4 , 7) is 3n , as is the total

- t  i n , ~~t .  w t .  , , , , ‘ t ’  i t t ’  i t ’ . . It P —
‘ 0 there  is an additional boundary con—

- I l t i - ’:; t~~ ’ t — , ’ ’, i t i - t ; , -’,

‘
“- ~l

b 
~1(1 ,8) -‘

~ 
0 . — — ------ . -

~—-- i f  ~~~“ 0

- l a i n :  It -

~~~ 

-
‘ 4 . -’i~ is lxne a m l v  - l ’;- .-m .~I’’nt -u . equat ions  ( 4 . 3 )  — ( 4 . 5 ) . I f

P — 0 t f,.~m ; (4. 1 )  — ( 4 , 5) i r’ t ;: ly c
1

I :  ~~- I  : ‘i7~n - i t i  ( 4 . 5) t o t  • 1 ,’ ,N—l we ,~.‘t

. 1  ‘i 1 •
‘ 2 2 1 2 1 2

C
1 

— - — ‘ i~~
’ i+l~ 

a 
,

-
~ ‘i~~( R 1 R1 1

) + 
~~ 

— 
~~

i~~1

. u h  i t ;  v iew i f  ( 4 , 4 )  i t .  I ( 4 ,  1) i t s ,  i t ’  w r i t t e n  as

1 2 •‘ 1 2
C , — — ;( .  

1
R
0

— -~~P~ ) — — ‘y 1R0 
—

Ther  “for” - a ‘,
~~ 

p ’ , ov m g  the c l a i m .

i”~ u m : t e - ; r a t u r n — :  r ; i ( m  : • mu. ’ - a n  t r a n s f or m  this volume matching problem in to

in  t n t  .‘r~ ’-la tion ~: it-I .’r . (Similar er~uumv a 1once exists between area—matching

spl;r.ec and interpo latus: s ; - l in e s  i n  the one-dimensional case 116)). Thus definmn q

4. ~) (3(5 • p u ( o ) d ~ • u (r) — U ’ C r )r

we h,ivc 10 - “ u nms t r :n ( ’t an “ i r i t e r p o l a t m n o  spline” of the form :

4 . 1 ) )  S ( t -  • 7. R
~~

t’
2 ci r 4 

+ D r
2 
log r ,  R 1 1  < r R 1 , i • 1 ,’”,N

sat :-~ f ’. i s t

(4.11) f l ( y)  C 2 ( P , P I • t ( R .) a , I —
N 1 2w  ‘-

i—1

-if’-

_ _ _



It is ear;’.’ t , i  check t h a t  t h ~ func t ions  1, r 1 , r
4 , r 2 log r const i tute  an

hxt ,in ,i,Sil_ ’hcl~y-c e~’_tt .~ntem on any interval of the form (u , . Thus ( 3 ( r )  • con—

- . - - n t  ‘ - - I  as a f u n d  oi l ;  of  r ,  is a Chehychev-sp l in e . (For the notion and construct—

- : - ‘N e t  ‘, - , -h. ’v :i~ Ii m u ’ s t-;’’c c . q . 1 1  ~I Chapter 10)

I
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5. Laplacian Histosplines for t m t t ’ ~~ai ’t r a t a .

In this section we consider the problem of findinq a smooth funct ion  :

gi ven inexact volume data .  S imi l a r  analys is  can be done in the more general

setting of Section 2 .

Problem It-ito For a given set of data 2
l ’ ’ 2

N 
find g H

m (~) mini-

mizing

N
(5.1) w . a — z1J 2 

+ XJ (u )
i—i 

i

where 3 (g) is defined in (3.8), ~i, 
~1

’’’• ’
~~N 

are as hn Section 2 and

~~~ 
w1, •.’ ,W1~ are fix ed positive constants.

In the notation of Section 2 any q ‘ H
m ( , , )  can be represented as

g . g
1 

+ + where ‘ Q, a
2 

span (r
l
,...,

~~N M ) and q 3 s a t i s f i e s

(5 .2)  f g~ — 0, i — l , • •~ .N
‘ii

By ~~~~~~~~~~ g
3 

‘ is orthogonal to 
~1 ’ ’• ’ •

~~~~M wi th  respect to the inner-

product in H
1 

corresponding to the norm / 3 T ’) .  Therefore 0
3 

does not

affect the first term in (5.1) while

+ g
2 

+ a3 ) a 
~
‘ (q

2
) + J ( q

3
)

and necessarily the solution to Problem Il-rn is of the form

N-M M 
-

(5.3) — + a~ — ~ c~~ + ~ d
1
q
1i—i i•1

Since for the volume data , •1 ’
’• ’

~N 
in Section 2 are of the form

— x~~
, i • 1,’ ,N ,

hence by (2.16) , (2.17) and (2 , 2 6 )

-18-
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~~1— .—--—. — ‘-—~~~~ — - —..,•~~~, ~~~~~~~-‘ - ‘1

is P

(5 , 4 1 ( 1 )
..1 • r 

a 0 1: 
~~~

. j - i~~ ~ 
•

— . i i i  ,. . • ‘ l — M s l , ’ — . , N
3 - 

-

~~~~~~~~~ S i ’ :-

( 5 . 5 )  
a ,

-
’ 

- :  , -: , ‘ I. • 1,~~’’ ,M, i —

1 ~~~~~ 
• 

, ;  - -

In  ‘.‘ m e w  u (5.4) • C” .’) .ini! ( 2 . . ’ ’)  t 5 ~~~~ ’ -. ’ i t u t  ion ‘
i t i -. ~~:.- . t i1er i l — u i , q u ~ ’ .’: b’~’

( 5 . 3 ) , - i t t -  t i e s ’S l — o u t u ! a r y  v i i ; ; . -  i t  i . ’r u :

-
. 

-(5. ’ )  ( — 1 )  - t  • ‘ ~ -,~ i n
i — i  

1

(
~~ 0 or I’ - :‘~~ — i

w i t h  ‘. ,- .~~~• 
‘I -

- i t . - I m t . t  s r ’n : t n  m t . ’  I by

(s ._.fl - 
‘~ :

• 
-
~ - • ~~~, i — 1~, ’. .  ,~~

i — i  ~~‘ 
- ,

I n  ( 5. 7 )  ‘ t u ’ - f - - ;i:. - ! - i r ’ .’ - ,~ 4’ r , i 1 ’,r ’ , 
• . • •  ,ire ‘i s in  tin .’ )-~.ut , t j k  to,

- m 2m- 1

.~ e - ’ :‘ut t 3,

The ~~i i ~~ - ’w ’. t u :  theorem re l ,i ! . ’c  t h e  v a i : u ~’n of the  cons t an t s  
~ l ’ ’ ~~N in

(5.6) to  the  “ ‘ -.~ it ’t t e~i - l a t a ” , namely t i ~ t ! —,t’ values

( 1~~~ ~ • r • ~ • 1, ’’’.N

i

Theorem 5 .1 .  TN ’-’ sr- . l n m t m n n  q of Prob l em i t — r n  s a t i s f ie s  ( 5 . 6 )  with

( 5 . 10 )  — 
~~~~~~~~~~~~~~~~~~~~ 

, i —

H__

- -
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i
_ _ n ,, , ! : ‘.5” - - , ‘ , - ! t  t , i . - t i t  a i n ;  ( 5 .3)  ~., i t  ; u ’ t ’ . t h e’ l i t ’ l e ’ i ’ t i . t l  y ‘oisl it i c . s n  f o r  m i n i m i z i r u

(5. 1) , t en , - 1’ .’ he  V , i i  sh i n~~: of th . •  -as  t ; at der’ mvat m Ve I l  of ( 5. 1) with respect to

and I
l .

•••
~
d
M
. in  te rm s of t he ’ bilinear form .‘~~~~( • , ‘) correspond—

i ru - J ( ‘ ) , 5’ - - - . - - i ’s , ! i t  i o n i r  become :

( 5 . 1 1 ) 
-

- (w (:~ — :~ ) -  
~~~ . + ‘./~ U. ,~~ ) c 1  • 0 , ~ —

‘
_

i 
1 1 1 ’  1 Tfl 1 i i

(5 .12 1 i’_ w ( i;.
1

— I
~~~~

) :  ~~ , 
a 

~~~, j •
i—N— M+ 1 ‘

— I n  t . - n  t v ; m i — n (5.11) w. ’ recal led tha t

( 5 . 1 1 )  
,‘

• 

~..  a 0 , 1 — N—M +1, ”,N ,  j —

:.u’ i( f e  : : • , .~ ( — Y’t~ ‘ (N—M I matrix with ,‘nt r o’

— 

(5.141 - 
~~~~~~~~~~~~~~~ 

— • ! 
~~~~~ 

i ,3  —

l e t  T l e t  t h e  I N - M i  ‘,~ numf ri x with entries

~ j  
~~i

• i — 1,”~~,N—M , 
~ 

—

an I let 
~ 

‘

~~ I u a . t ~ w 1 
, ‘ • W

N M ~ 
W a dlaq{w~~~~~1 , 

• ,w~ )

— (C
1
. ‘ . ‘,~~~,,, ) z • (Z~~ 

. . •ZN_M )D z 
~ 

(Z
N...M+1. •Z~4

)

— (Z
1
, 

~
ZN_ M )D &

W i t h  these no ta t ions  (5 .11)  and (5.12) become

( 5 . 15)  KW (z -Z ) - ~Kc • 0

(5 . 16) z - • — W 1T’ W ( z— z )  .

—

_ _ _ _ _ _  -- .- — - —~~ - ‘ —--~~~~



n- i n i1 ’~ ’ 1< a’; ~I”f;nt ’~! in (5.14) i t ;  syuul’ietric positive definite , (5.15) implies

(5.17) c a 
~
- w( z ’-z )

-~~~ 1,’ 1- ’,- ( 5 . 3 ) ,  ( 5 . 4 )  and (5 . t ’)

(5.18) c ( 1 ) rtm . m 
— ‘r - in 1 • l, ” , N M

1 1 i

i ’h . ’ z . ’ f i ’ r e ’ ( 5 . 1 ’ )  holds for m a i , .’. ,N—M , and (5.8) becomes

(5. -

~~~ 

( - ,~~~~~~ ~~~~~~~ , ‘~~~ ) — -T ’ (~ • ‘N—M
y ‘ • — T ’ c — — ~ T’W (z—z)

-~ t iu , t m i n g  ( 5 . 1 - i )  w i t h  ( 5 . 1 6 )  we conclude that (5.10) holds f o r  i • N —H + l , ” ,N

as well.

; - l i r ”  - t  - - ‘n’~.- t i” S i’i ’  of  Theo r em 5.1, the sepresentation ( 5 .3 )  of g and

(5.4) i ” t

- ‘ r o l i ar v  5 . 1 :  Ti~.~ s o l u t i o n  of Problem IT—ui is of the form

N-M 14
(5.2sP — 

~ :~ w 1(~~—z. )~~ + ~ Z~ _~ ÷~ q1i — i  i — l

,in~i - - i t  t s f i e s  ~ he ~n t e g r o — d i f f e - ’ r v r t t  ial eqi.iatlon

(5.21) (_1) um .mq - ~ - ~~ 
~~~~ w

1~~Z~ - J g)
i—I. 1

w i t h ,  bnun- - ) a r ’ .’ condi t ions

(5.22) ~~q _ 0  m j 2 m — 1

Eq~iations (5.21). (5.22) indicate an alternative direc t way for the Computa—

tuon of g ,  avoiding the computation of the functions

) We conclude this section by deriving explicitly the relation between the

vector of given data Z • (Z
1
,••-. ,Z

14
)’ and the vector of smoothed data

— 
~~1 ‘ •Z~ ) ‘

— 21—
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~~~~~~~~~~~~ 

— 
r. .,.wr~ —, - --~ 

—— - ‘,

From (5.20) we get

— KW(Z—Z ) + TZ

and a f t e r  s u bs t i t u t i n g  for z frost ( 5 . 16 )

(5.23) z — Tz + TW
1T’W (z—z ) + K W(z—z )

With

B - ( I  + ‘~~ KW + TW 1
T’W)

1

( 5 . 2 3 )  and (5.16) become

(5.24) z - Z B (z-Tz), z - z - -W
1
T’WB (z-Tz)

Combining the last two expressions we conclude that

(5.25) 2 — A (~~) Z

w i t h  ,
B -BT

( 5 . 2 6 )  I — A ( ’ )  —

~-W 1T ’ WB W 1T ’WB T



_ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _— ~~~—~~~~~-- - —— :
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~~~~~~~
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~~~~~

. -
~~
- —

F ______ _____ .-_____ — - -‘ —~~
_.~~~~~-i

C, . -rho 1 , - t’; o t ~ ‘ ! i, .ot - i s,’i 1

We u i v . -  - i  ~~ - n - ed~~z .‘ - t  5 - 0’ l i i ?  I ri I n ’  k I , -~n II . It, t 5; - : - S

(t:: i~~~~;i~~. i t . - 1 . ! )  t h a t  t he ’ {~~ i t .  ‘ ‘ . - f - f  i n : ’ ; t .  i~~ I n ’ !  lt ’m 11 i i  ‘ t i v - n  --

- ‘ i t . ’ . I t :  ‘ :  : ‘! Len ; . - - - ‘ - n t . - - I  i t .  . ; . ‘ i - -h i t i t ,  w. - w i n O  w 1 ‘.n in  ~~, i t , ’ e Z .
1

a 1 ‘~~. . S i t  - , . 
- .- 

~~ .~ x - t - o i n e j . ‘-  ; n tt  ~~, ‘5. w - a t ,  1 - ,  -5’ , - , ’ n  i t - I  at  i v ’ - ! ’ .-
i 1 1 -

by ‘ n t  - ,. v’~~~ . n i  - t v ; - ; ; - - , i - I hoc~~ r - - ,- - 5im ’- s. ! t , ~~~~ - , ’ t i - M w - , ! - , W ‘ * r ’ ’  . I n ’-. i n . ’O

! ; x . - - ! and - i i ’ . ’ : , .  I t  i~~: 1 ; k c l ’ ,’ t h a t  - I w i l l  g I v e  f , ’ ,t : ’ ’ n ; , t t - t ’ -  ~* t , - : W ’ - ! S  in  ~n - ’ .t

- a ” ’’’- whe t- , h. ’ ~. , t r o  a ll ‘ f  t - , , - naltt ,’ : 1. n - 0  m a g n i t u d e .

A ;‘ “‘-I Cl I ‘ -  t 14 1 ‘hoe ,~ 1 so ~ i t ;  n .  rn trim ; :- it  i n ;  of R (  X )  ~I e’f  in;(’d I .

-~ - -
. - 2

- 
,- I 1. -~ 

)  • ‘ 8 ‘,, — j - :

i — I  ~ fl1

e 
~ 1$ .‘x~ -”- ’’ eJ ‘, - i i  ;. i t ;  I -; . i s  n. - - - - 1 s t  l it ;  t o  I n  ‘,~~ 1”t ~ 11 ,il~~i I I . ’  “

1

i t ’ -  - : 1 ’.’’: :  ~~~)‘; i r i v’ ’  ~
- . -  i - ~ h t - - . S n t .  - . -  t -. , - ;. ,~r - t , - . t _ ,’_ - w t , ,  w . -  - - . isn - t minimize

H- -w” v ’ t  , i n  st - i- i a ’ .- I ‘ - - . t  ;r a t  e R ( ) ) ii f  ~ ( ) is  . iva ilable 1 general i z i n ’ ;

t o t -  : t .  ‘ r ,a v on and ~~~~~ i ~5) . :. “ t A ( )  i-e ’ t he ’  N ~ N matrix sat is—

— - ;

/ 1

- - : 5  a matrix j c  - I ; V . ’r .  cx l -licl ’ I - .’ in  ( 5 . 2 3 ) ,  ( 5 . . 4 )

Then • - . 1) t ie ’rim e,;

P(”) • F ~~ I / ?
( — A (~~)Z ) I! 2

— -1 ia’if “ 1 
. , , and ~. ‘ (U

1 
. • •U~4

) ‘ . Defin ing  
~~

‘ P4~ 
‘ by

—23—
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: i

we ha’.’,-

L U t ) ~~~
12

( i;  - A~~~) Z ) U ’  ~ I I’ ,~~~ 1( 1  - A C 1) )  ~, - M A ) ’  ,i
2

— V D ~~
’ ( I  - A ( . ) , :I -

, 

+ rn 0
0
A ( 1) : A’ U)

w f , . -  n o  E •-- ,I ia.; v a t  
~~ 

, v a r  , ‘ ‘ ,var 2 , — diag { s
~ 

. ~~~~ . ‘ • • , ,. ,) .

a h a  
~~
:
i ’ -~; . We oiai.m t h a t  an unbiased est~~ at e  R ( i )  of R C A )

1” ,t t ’.’,-t; I ’.

i~ i A )  — ~ : ‘(I - A ( i ) ) $ /  - Tr ‘ ‘ (I - A(A)) (I - A(A)’) D~~
2

(‘ .2)

+ Tr I~~
”2A (t ) AU )’

i t ;  ~ --t - t  ( ‘ - .. - ‘ t t m ~ h f  ics

- 1/2 -

- ‘  .3) R (’) • I t~~ ( I  — A (~~) ) r ” + — 2 Trace ~~~~~ —

asser ’ ~r c .nl i tn- i— se rve  t ha t

F: f l D
0~
’ (I  — Ar~~~;’ 

2 
i~r~~

”2
~ i —

( 6 . 4 )

+ Tr ‘(I - AU ))r (I - A (i 1)D~~~
2

and

(6 . 5) F t — t

Sub stit ;;t t rIo (‘- .4) in t o  ( ‘~ . 2)  and us ing (6 . 5)  we obtain

B R( 1)  — RU ) .

Thus I t  i s  reasonable to choose I. by min imiz ing  R U ) .

-24-
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‘. I.a~ - i a , - i a n ;  H i  s to~;I) 1 i nc’s 101 a Modified Smoothness Criteria.

I’ r.’k’l”m’ . in  ~‘ex1inq a numerical algorithm for 
computing u and g related

- i ’ . ’ io;’; t h e -  Neumann boundary value problem in irregular domain can be avoided

I- -: n- - I ; !  ‘
~ 

;nq t 5” smoothinia criteria somewhat.

Wh . ’ t h , ’r or t ; . ,t  this tnodif ~ ed smoothing criteria gives results equally pleMin.i

a’. t t ;  - . r ’~~ ’ t h t t ; - t  o r i t o r i a  previously used , and whether the computing time required

i n  i ’ .mI .iralile or not remain to be seen. However , the coding of an algorithm for

l b  i . ’ ,t - r ; t , ’ r - i a appears to be re la t ive ly  straightforward , and is similar to

el  n . - .i I’: o~~ 1 : 1  t r i ’j  ; ‘I ~~ ie ’ I ;  f o r  t h e  case of p oin t  evaluation data ( 1 3) ,  ( 15) , (19) .

The z , ” , - i ~~~t ’ ;  be low ar.’ modest generalizations of results given by Duchon (6) ,

(fl , and l a t e r  discussed I — ’ ,’ Meinguet ( 13 )  and Wahba ( 19) .

We 1, ’t d - 2. how,’vvi the generalization to arbitrary d dimensions is

::n u t n , ’ ! ; a ! . ’  f r an the known results whenever 2-rn— d ~ 0. Let X be a suitable U

ao.’ - ‘ f  f ; i t s ’ t  ions on P
2 

for which

I a
-, ~~~~~ _ _ _ _ _ _( - . 1 )  J ( u )  — L ( )L

j o  \~x~
’ 
~~2

is wel l  def ined and f i n i t e .

We modi f ’. ’  probisms I-rn and TI-ut to the following :

Prob l em I-in : Find u c X to minimize J
m

(U )  subj ect to

-, -

‘ f u (x 11x 2 )dx
1dx 2 — 5~~• i • 1, 2,’ • ,N .

Problem I l-rn: Find g c X to minimize

~ 

wi~
z
~ 

- / g(x 11x 2)dx 1dx 2)
2 

+ A .J
11
(q)

x i s  the Beppo Levi space of all the Schwartz distribution s for which all the
partial derivatives in the distribut ional sense of total order a are square in—
tegrable in R 2 ( 13) .

-25-
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I
Usually, we’ will only be interested in t he ’ rent r i; ’t ion of u or q t o

If u is the s o l u t i o n  t- o problem I—rn , clearly

J (u) > J (u ) ’ j (u )
in — in — in

and equality will obtain iff u can be extended to all of R2 A n such a way that

the extension u is in X and satisfies

- a ~on (x
1
,x

2
) 4

Generally this is not possible , but in .  a l w a y s  possible  in the case of one-dimensional

histospli nea . Moreover such an extension is also possible for domains with radial

syn~etry, as in the example of Section 4 , which is essen t i a l ly  a u n i v a r i a t e  problem

— in r .  Ind eed by defininq

u (r) u(r) , 0 ~
- r P

— -- n

u (r) a u ( R  ) P r
n n —  —

with ii the solut ion in Sect ion 4 , we get

J(u) — 3 ( u )

— 
where both u and u match the same volume data .

Th. solution to problems I—a and Il-ut can be given explicitly, we do this

later. However a representation of a compu table approx imate solution for a 2

can be obtained quickly from the known results , and we proceed to do t h i s .  Let

x — (x
1
,z

2), and let  (t L
)
~~.l 

be a fine regular mesh of points  in 
~
,,  t~ — (x~ .i4),

such that

f u (x
1

,x 2
)dx

1dx 2 a
~ 

u(t 1
), u HTh U))

a t f - i c -i L i

-26-
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~~~~~~~~~~ ~‘1

~ ‘ ‘~ ~ ~~ 
‘ I I  , 1’ ’  i i i  t to ~i i  - - i  - ‘- . .  - ,ii~~I n t i e ’  ! .  i t ’  - ‘ f n ’ ; . - ’ ,

I i t ; 1

N i n l t  ‘. in , . W” nic ~~’ ‘ ‘I ; ’ , i~ I e ’ r

I n 1 1 , ’ m  I — r n — - t - }: I’m - h  u x t - - m ; t 1 m ~~~~, ’ J ( u )  5 t l~~) ) i ’( ’t  t i
m

N
’

— - I’ re t ’h. ’m t i — r n — h ’  h i’ i s,t  c; • X t -  m i n u T t i z e’

L w~~( 2
1 

— a 
~ , o ( t  ) 1

.

i — i  t ;1~

‘ ,‘o r .’rn~~~.1: ,- , ;~~~~t - i 0,, ’ ‘ ‘; ,-  ‘ ‘~‘ t’ a t r i x  T w i ’, ,

T .  • I i k
- I,, ‘‘

is f r ank  M.  T h i” t  t h e -;, m i t  Ion ’; ; n ’ ’ t  h . ~~ s ! — r n — ~~ ) ,-i i ; i  ñ nri — t ar-

i ~~ie at ’ - I b - a’.’.’ n .‘~~ ~ “c. ’:,t a t  i onic

I::

u(x) — - - ‘- (x) + : (x)
i — i

(~~~. 3 )

— c,n (x) + d o Cx )
~ “1

where

n . (x) — a F ( x — t , )
I I ~~~~t . ’- .,

i 1

F (x) • 
~~~~~~~~~~~~~~~~ ~r 

— ( 2 2
~~~~~ ( (m_ 1) I ] 2

1 2 2
l x i a

and t q (x) }~ span the space of polynomials of total degree less than m. The

coeffi~nien ts

—27 —
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‘ and d — (d
1

, . ,d~~)

~S b y  I h. ~ . l w : : - :  .‘~;u ,~t ions

Problem 1-rn - ’ t . ”

(7 .31 Kc + ‘I’d — a

(7.5) T’c 0

wher e K is the N ~ m a t r i x  w i t h  ij th entry

— a .a , F Ct .t ) i ,j  — l, ”,N
i j  1 )

and s (n. , . ,n ) ’ .
I N

Problem I I — r n - ~~t~~

(
‘~ .,,) (K + AW ’)c + ‘I’d • z

(7.’?) T’ c O

where W a t~ a-::’w
1
,•.•,w ) , and ‘ a (~~~, . Z ) .

Proof : The special case n a a. — w~ — 1, i a 1,2,~~”,N is just the problem of

interpolating or smoothing evaluation data, and in thi s case the result has been

given explicitly in (6), ( 7 ) ,  (13 1,  ( 19) . The extension to the case of general

n ,  a
~ 

and w . i s s t ralqh t forward  from these results and is omitted .

Observe that the solution to problem I-In-{t
~
} can be obtained by solving

(7 . * — ) and ( ‘.7) for the solution of Problem II_m_ {t
~
)
~ 

with a o and Z replaced

by a. We now put equations (7 .6) and (7 .7) in a form suitable for the couç utat ion

of c, d and R ( X ) . Let R be any N (N-N) matrix satisfying R ’T~O .

Si nce T’ c - 0 , there exists a unique N— N vector b, say, with c — ~~~~. Lef t

tnu lt ip ly i r t q  (7 .6) by P and aubstitut ina c Rb gives

-20- 
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(7 .~~) R ’ ( K  + AW ) Rb  — R’Z

We’ next assert tha t  R ’ K R  is strictly positive definite . To prove this we use

I t t . , ’ followinq result (6):

:~ U~~pe) se ’  t
1
,’...t do not fall on a straight line. Let f a 

~~l
’ ’

~ n
1 be

any non zero vector satisfying

~ f q ( t ~~) ~ 0 , v —

I-i

l b . - : ~ “ f f F ( t -t  ) “ 0. We need to show that if r — Cr ,“•,r )
u i ’  1 N

i , ~-~l

satisfies T’r - 0, then r ’Kr “ 0. Let F be the n x N matrix with j k t)’
~

en t r”  ak i f  t . ‘ and 0 otherwise , let E be the n x n matrix with jk
th

en t ry  E
m
(t

j
_t

k
). and let T be the n X N matrix with ~~

th 
entry q Ct .).

The n K - F’EF and T a F ’ T. Suppose T’r - 0. Then, if f — F’r, we have

T’f - T’r - 0 and so 0 < f ’E f  a r ’F ’EFr — r Kr.

In case A - 0 or A is a given positive constant, b is obtained from

— 

( .R) , c • Rb and d is obtained from (7.6) as the solution of the system :

(7.9) (T’T)d — T(Z - (K • )iW
1)c)

We proceed to the case where we choose A according to Section 6. TO com-

pute R (~e) we first obtain an expression for MA) . The appropriate definition

of A (A) is

/a 1 ~

I t~ (fl 1
A ( A ) Z —

~ 
a2 } ~(t~)

~I 
t~Efl~ J

\aN 
~ ~~L N
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Using the fact that

a. n~ (t~) — K~~

one obtains from (7.3)

(7.10) A(1)Z — Kc + ‘i’d

Combining (7.6) and (7.10) we get

(I  — A ( X ) ) ~~ — (K + AW~~~)c  + Td — (Kc + Td) — AW 1
c

Since by (7.8) and the definition of b

c a Rb - R (R’(K + AW 1)R) 1R’Z

we f i n a l l y  obtain

(7.11) I — ALA ) — XW 1R ( R ’ (K + AW 1) R ) 1R ’

P can always be chosen so that R’W 1R • ~~~~~~ giving

I — M A )  — )W 1R(B +

where B a R’KR is a sy~mnetric positive definite matrix. Now let UD
8

U be

the eigenvalue decomposition of B with - diag{b
l.
....bN.,.M}. then

(7 .12) I — A LA ) • AW 1RU (D
B 

+ A I ) hi U P I

~~ca1linq the expression (6.3) for R C A) :

(7.13) RC A ) - f l D~~
2 ( I -A ( A ) )~~

2 
+ 

~~ 
O~Z~ 

- 2 trace(D0
E (I-A(A)))

i—l

and substituting (7.12) we obtain 

II
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(7 . 14) ~~ ( . ) i ” h - —
~

— - ~~~~~ , ~1~~~ ’ — 2 A  ,
t3 b 4 t  b + ~ 

- i i  - -  4 1

i i 1  • i - i I

when ,’ V • (V
1 

• 
. . 

• ‘
~

‘
N~~ N

> P :~

H h ; 1~~’ 1” ‘W  ° W  ~~t ’  — t ’ R ’ d i a q ~~~ - , ... ~~~~~~~ RU

— m ‘ 1 1 ‘ ‘ ‘ N
— { t .  — t ’ ’ R ,::D W R I ’  • 1°R ’ di a q ’- -’—------’-- --- , • . .

1~) 1 
W

In  t h a ’  -;~~e ’ , - : t l  - ‘,as, ’  ~ — W , t b ; ,  r n , i t r ix H is I since R ’ W
1

H • I and then

(7.14) s impl .i ! i e ’c t i

-
‘ 

N - M  V N N-M
( 7 , l h )  R ( ~~) a 

‘
~ —p----  + , w~~’. — .~~ 

‘
- 

- .‘ ‘- ‘-  t’ +A
i — I  (b +A ) u— i  :,1 i

With the .-‘x; r e ’ ;~ ’ ; u ’ ’ : ;  fo r  P ( ’k )  i t ;  ( 7 . 1 4 )  (or ( 7 . 1 5 ) ) ,  repeated computations of

R ( A )  for - h : f f ° r ” : i t  valse ’; ;  of ‘ ar e  ~;traio i~tforward , once the matrix H the

vector v and t h e ’  d iaqona l of the matrix t. are computed . Hence the value of

~ m i n i m i z ;t ;  R C A )  can be ,non ~ — u t , ’d  by s t a n ’I a r - I  m i n i m i z a t i o n  methods.

We remark her . ’  wi thout  proo f that the arquments in (13) can be used here to

prove that the ’ solutions to problems I-in and l I -rn  have representations of the

form

N M

~ c
1~

-~ C x )  + 
) d c i (x )

j — 1  ~— 1

where

(7.16) tS.~ (x) — I E
~~

(x , t ) d t j dt 2 , t • (t 1,t 2
)

. 4

and the (q) are as before. The vectors c and d satisfy eauations of the

form (1~~ 4) and (7.5) with and T
j~ 

given by 
-
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K .. I E ( x , t )

T .  • 
f 

q (x) .

~-u i ~- ’ F is the fundamenta l  solut ion of the iterated Laplacian (see (4) Section V .

( 1 ’ )  . 4 7 ) ,

m -

~. -,~ . (x) — 1, X E  ~~~ , ,

a 0, ~ 
~

Therefore the solutions u and q to problems I-m and Il-rn satisfy a

~~~ 
- ~~ outside ~. and ~~~~ •m~, are constant on each 

~~~

. .
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ABSTRACT ( continued)

smoothina spl ines in the univariate case, and a method for choosing the smoothing
lu r a m e te r  presented.

For both c4tses of exact and inexact data, modified roughness criteria, inde-
pendent of the region, are discussed , and results known for point-evaluation data

~ie extended to
’tbe ~‘ise of aggregated data .
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